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Abstract. We study the Hopf algebra structure and the highest weight representation 
of a multiparameter version of Uqgl{2). The commutation relations as well as other 
Hopf algebra maps are explicitly given. We show that the multiparameter universal 
TZ matrix can be constructed directly as a quantum double intertwiner, without us- 
ing Reshetikhin's transformation. An interesting feature automatically appears in the 
representation theory: it can be divided into two types, one for generic q, the other 
for q being a root of unity. When applying the representation theory to the multipa- 
rameter universal TZ matrix, the so called standard and nonstandard colored solutions 
i^; h'') of the Yang-Baxter equation is obtained. 



1 Introduction 



As is well known, the Yang-Baxter equation (YBE) ||T], ^ plays an essential role in 
the study of quantum groups (QG) and quantum algebras (QA) ^, ^, ^, 0, 
integrable models | 9|, JTol, |TT| , |T^, as well as in the construction of knot or link invariants 

m, [15|, P, |l7|, ]l8|, llj. For instance, in the Faddeev-Reshetikhin-Takhtajan (FRT) 
approaching B to construct quantum groups or quantum algebras, one has to find an 
R matrix, which is a matrix solution of YBE then using this R matrix as the input, 
substituting it into the RTT or RLL relations to get the quantum group or quantum 
algebra as the output. 

There are various methods to find the appropriate R matrix. One way is to borrow 
an R{u) matrix from the integrable model and then taking appropriate limit to 
remove the spectral parameter u. The second method is to solve the matrix YBE 
directly [18, 20, In this approach one usually assumes an R with prescribed nonzero 
elements, and impose some restrictions on them to find a class of solutions. Some R 
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19, M, 



so 



matrices obtained in this way have unexpected interesting features |15 
a number of authors call them "nonstandard" solutions |22, 23, 24]. 

Many known quantum algebras belong to the category of quasitriangular Hopf alge- 
bras (QTHA) 0, p|. This observation provides us an alternative approach to find the R 
matrix]^, |40| ] . When applying representation theory to the universal TZ matrix^ [Q, 
of a QTHA, the desired R matrix is obtained. To get more interesting solutions, people 
also try different methods to add parameters that appearing in the R matrix . This 
cause the development of multiparameter deformations 
Hopf algebras and g-boson realizations 



3C, 



34, 35, 36, 37 



These solutions are sometimes called "colored" solutions [19, 35 



with q being a root of unity. 

Although the 



g-boson realization method is very powerful in constructing representations of quantum 
groups or quantum algebras, it's hardly to manifest the Hopf algebra structures. 

In this paper we study Uggl{2). We show that due to the commuting element 
J, it is possible to introduce additional parameters t, u and v, and hence gives us 
a multiparameter version of Hopf maps and multiparameter universal TZ matrix. We 
then explain how to get the same TZ from quantum double constructions. In this way 
the Hopf algebra structure is preserved and emphasized. For the representations of 
Uqgl{2), we only consider the highest weight representations. Under the finite dimension 
restriction, two categories of representation appears automatically. When applying 
this representation theory to TZ, the standard and nonstandard colored solutions are 
obtained and are consistent with literature's results. 

This paper is organized as follows: In section 2, we review some basic definitions 
and properties of Hopf algebras, quasitriangular Hopf algebras and quantum double. 
In section 3, different selections of universal TZ matrices are given, and compared to the 
result obtained from Reshetikhin's transformation (3^. In section 4, the highest weight 
representations are studied and applied to TZ to obtain matrix solutions R. In section 
5, colored solutions are obtained and compared to the literature's results. Section 6 is 
devoted to concluding remarks. 



2 Hopf algebras, quasi-triangular Hopf algebras and Quan- 
tum double 

In this section we give brief review of some definitions and properties of Hopf alge- 
bras (HA) and quasi-triangular Hopf algebras (QTHA), as well as their relations to 
the notion of quantum double (QD) 0, ^. These ideas will then be used in our latter 
discussions of the multiparameter Uqgl(2). 

A. Hopf algebras 

A Hopf algebra is an associative algebra A with five basic maps( in this paper, we 
call them Hopf maps), they are four homomorphisms: m : A® A A (multiplication), 
A : A ^ A 1^ A (coproduct), rj : C ^ A {inclusion), e : A ^ C (counit) and one 
antihomomorphism: S : A ^ A [antipode). They satisfy the following relations for any 
a& A: 

(A (g) id)A(a) = {id ® A)A(a) 

(e (g) id)A{a) = {id fS> e)A{a) = id{a) = a (1) 

m{S (g) id)A{a) = m{id (g) S)A{a) = t] o e{a) = e{a)l 
*We denote the universal algebraic solution of YBE by TZ and the matrix solution by R 
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where id represents the identity map. To be more precise, we use the notation {A, m, A,r], e, S) 
instead of A to denote a Hopf algebra. With these ideas in mind, the following propsi- 
tion will be apparent: 

Proposition 2.1 Replacing A by A = A' and S by S = , the algebra {A,m,A,r),£,S) is 
also a Hopf algebra. 

Here A' denotes the opposite coproduct, which maps any a (z A to A^ A as: 

A'{a)=aoA{a) = ^Ci®bi if A(o) = ^ 6^ (g) Q (2) 

i i 

and is defined as the inverse of S: 

S{S-\a)) = S-\S{a))=a (3) 



B. Quasitriangular Hopf algebras 

A Quasitriangular Hopf algebra (QTHA)is a Hopf algrbra equipped with an element 
TZ e A iSi A which is the solution of the algebraic version of YBE. We start with the 
definition. 

Definition 2.1 Let A={A,m,A,rj,e, S) be a Hopf algebra and TZ (intertwiner ) an invertible 
element in A^ A, then the pair{A, TZ) is called a QTHA if for any a € A we have 

(i) 7^A(a) = A'(a)7^ 

(ii) (A (8) ^d)7^ = 7^l37^23 

(iii) (id (g) A)7^ = 7^l37^l2 

In addition, three further relations are satisfied: 

^12^13^23 = ^23^13^12; 

{S®id)n={id®S-^)lZ = n-^, (4) 

{e(^id)lZ= {id®£)n= 1, 

The first line is the Yang-Baxter equation. 

As in the case of Hopf algebras, we denote {A, 7?., m. A, ry, £,S) as a QTHA. Prom 
(i) of definition 2.1, we immediately find 

7^A(a) = A'{a)TZ, {a o 7^)A'(a) = A{a){a o TZ), 

n-^A'{a) = A(a)7^-^ (a o 7^-l)A(a) = A'(a)(a o 7^-^). 
Define 7^(+) = a o 7^, 7^(~) = TZ~^ ajid1Z = ao TZ''^, and denote A' as A, then 

TZA = a'tz, Ha = A'H, 

(5) 

7^(+)A = A'7^(+), 7^(-)A = A'7^(-). 

These observations lead to the following result: 
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Proposition 2.2 If {A,TZ,m, A,e, S,?]) is a QTHA, then {A,n,m, A,e, S,ri), {A,TZ^+\m, 
a', e, S~-\ 1]) and {A,n^-\m, A' ,e, S'^ ,r]) are all QTHAs. 

It can be easily proved by using the definition 2.1 and equation (|l|). This theorem 
tells us that for a pair (A , 5") , there are two universal TZ matrices: TZ and TZ = aoTZ~^, 
both can be used as intertwiner in a QTHA. Now let's turn to the discussion of quantum 
double^ I . 

C. Quantum double 

Suppose we have a Hopf algebra A, which spanned by basis {e,}. By introducing a 
nondegenerate bilinear form ( , ), we can define A^s dual algebra A° , which spanned by 
{e*}; here (e* , Cj) = 5*-. Then all the Hopf maps of A° can be defined in terms of ( , ). 
Introducing the intertwiner: 

n = Y,e,®e\ (6) 

i 

then the commutation relations between A and A° can be established via the relation 

7^A(a) = A'(a)7^, for a G A or A° , 

which tells us how to expand an e*ej type product as the sum of eie^ type products. 
Choosing {eje-'} as basis, one can "combine" A and A" to form an enlarged algebra 
D(^)-the quantum double of A^ and treat A or A" as its subalgebra. Then D{A) can 
be proved to be a QTHA equipped with TZ = Yl,i ej(8>e* as its intertwiner( universal TZ 
matrix ). In other words, a QTHA is a quantum double of its subalgebra. In the next 
section, we will show that the Uqgl{2) is indeed a quantum double as well as a QTHA. 

3 Universal IZ matrix of Uqgl{2) 

We define Our version of Uqgl{2) algebra as a multiparameter QTHA generated by 
{H, J, X'^ , X~) with the commutation relations 

[J,H] = [J,X^]=0, 

[H,X^] = ±2X^, (7) 

[x\ X-] = 

q-q 1 

and additional Hopf maps: 

A{H) = H + H, A(J) = JO 1 + 1 (g) J, 

coproduct: A(X+) = q'^" {utv)^ ® X+ + X+ ® q^^iutv^^y^, (8) 

AiX-) = q'^^{u-Hv-^)^-^ (g)X~ +X- (g) q^^ {u-'^tvyy , 

antipode: S{H) = -H, S{J) = -J, S{X^) = -q^\^'^X^, (9) 
counit: e{H) = e{J) = e{X^) = 0. (10) 
The universal TZ matrix is defined by 

°° n - n^V" 1 1 

7^ = 7^o y ^\ g"("-l)gt(g^l-l^^)((u^;t-l)2JX-)" ® ((uf -^t) ^^^+)", (H) 
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where 

t, u and V are arbitrary parameters and {n}g2, {?i}g2! are defined by 

with {0}g2! = [0]q! = 1. Note that the commuting element J appearing in this alge- 
bra causes the expression of Hopf maps has many different choices. For example, the 
parameter t in the last commutation relation of (^) is not essential. One can always 
absorb the factor into by defining q^t~^ = and rename H' by H. However, 
in order to reflect the fact that J can be arbitrarily 'mixed' with iJ, in this paper we 
shall always retain the parameter t. On another hand, two arbitrary parameters u and 
V are allowed to appearing in the definitions of A and S, although they do not explicitly 
appear in (0). 

Note that under the transformation: 

X± = v'^yx^, (14) 

the commutation relations (0) will not change its form. Moreover, 14 simplifies the 
form of A and S on X^: 

A(X±) = [q-h^ty)w^y X± + X± {qhHt-y)u^h\ (15) 

S{X^) = -q^^X±q-^^ = -qX±. (16) 
Furthermore, the universal TZ matrix now becomes: 

7^ = 7^o y ^ g-H"-i)((nt-i)^Jgf^X-)" «) {{ut)^ q'^" X+)'' . (17) 

In the following, we shall use X^ as generators. 

As stated in the last section, corresponding to the same pair (A , S), there is another 
universal TZ matrix: 

oo /-i —2\n 

n = nQy ^ gl"("-^)((nt)-iV^^+)" ^ {{u-h)^-^q-^^X-)'' (18) 

with 

no = ao 7^o 1 = q^,Hmt-kiH^J+Jm)^'^(H^j-jm)_ (19) 

Similarly, if we use A = A' and S = S^^ as coproduct and antipode respectively 
then, for the pair (A , S), we have the following two universal TZ matrices: 



00 /-i 2\n 

7^(+) = 7^J+) r~iV g-^"("-^H(nt)iV^'^^'+)" ® ((nt-i)^-^<;i^x-)«, 

n=o ^^J?- 
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and 



n=0 ^^^1- 

-j^i-) ^ q^^i ^ ^\Hm^-\{H®j+jm)y-\{H(s>J-Jm) _ ^21) 



These universal 7^ matrices can be compared to the hterature [^^"Hy]- However, 
since different authors adopt different conventions in the definition of A and 5, thus we 
have to properly choose one n from the set {7^, 7^, 7^(+), 7^(~)}. Note that the param- 
eters t, u and V can be freely choosen due to the fact that there exist the commuting 
generator J. If we use Hi = H — aiJ and H2 = H — as generators instead of H 
and J where q"^ = u~^t and q"^ = ut, then the universal TZ matrix can be expressed 
as the following simple form ( here we drop a trivial commuting factor g-2"i'^2J8iJ ^. 

■R = q-'hH,m2 ^ ' ' (22) 

n=0 Ng- 

which is very similar to the universal TZ matrix of Uqsl{2): 

n=0 N<?- 

In fact, the similarity is not an accident but a consequence of QD. To see this, we 
first replace the generators X+ and by e and / [0: 

e = q'^X+, f = q^,X- (24) 
and then the equation ([7D-(p^ become 

[Hi,2 ,e] = 2e, [Hi,2 , /] = -2/ , 

[^./] = %2_i ^ (25) 

A(//i,2) = //l,2 1 + 1® i?l,2 , A(l) = 10 1, 

A(e) = e (g) 1 + q-^^ e , A(/) = 1 ® / + / (g) 5^1. (26) 
5(i7i,2) = -//i,2 , S{e) = -q'^'e , 5(/) = -/g-^^ , 5(1) = 1, (27) 
e(//i,2) = e(e) = £(/) = , e(l) = 1. (28) 

These equations provide us the coefficients in the construction of quantum double. Now, 
choosing the lower Borel subalgebra of Uqgl{2) 



n,m=0 



as the Hopf algebra A in the quantum double construction, then by applying the same 
method as Tjin did in Q, we will find that A° can be identified to the upper Borel 
subalgebra 

UqB+ = spaniHl^e^}'^^^^^ 
and finally obtain the quantum double D[A) as Uqgl{2). 
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Note that in the case of Uqsl{2), the dual element of H can only be identified to an 
element proportional to itself. However, in the Uqgl{2) case, the existence of commuting 
element J makes it possible to identify the dual element of Hi as with 

H1-H20C J, 

thus establish the universal TZ matrix in equation (p^). 

The same multiparameter universal TZ matrix can also be obtained in a different 
way. Denote TZ in (17) as TZ{Hi , H2). Let n = 1 and define = q^t'"^ , we obtain a 
single-parameter Uqgl{2) and universal TZ matrix denoted by TZ{H' , H'): 

TZ{H' , H') = q-h^'m' y ^^-1 ) {q-'2^'X+r. (29) 

According to the procedure introduced by Reshetikhin |^^: if we can find an element 
F = Y.if(^fi^ Ug9l{2) ® Uggl{2) satisfying 

(A®id)F = F13F23, (id0 A)F = F13F12, 

F12F13F23 = F23F1SF12, F12F21 = 1, (30) 

then we can build a multiparameter version of this QTHA and thus obtain a multipa- 
rameter universal TZ matrix: 

7^(F) = F-^TZ{H', H')F-\ (31) 

One can check that 

F = u-i(^^-J-J^^) (32) 

can be used to do this construction and the Hopf maps defined in (0)-(|3) and the 
universal TZ matrix in ( [TtI ) will be recovered. Note that in the expression of TZq (cf. 
equation (^)), the exponent of the parameter u has an antisymmetric form, which 
can be obtained from Reshetikhin's transformation. On the other hand, the exponent 
of the parameter t has a symmetric form which comes from the third formula of (0), 
and cannot be obtained from Reshetikhin's transformation. 



4 The highest weight representations of Uqgl{2) 

For the representation theory, we only study the highest weight representations ||l^, 
|38| . Let TT be the map from Uqgl{2) to a m— dimensional ( m > 2) representation: 

m 

7r(J) = Al, 7r{H) = fil + ^{m-2i + l)eii, 

1=1 

m— 1 m—1 

7r(X+) = ^ aiCi^i+i, tt{X-) = ^ ftjCj+i^i, (33) 

i=l 1=1 

here etj represents the matrix basis {{eij)ki = hk^ji) and 1 denots the unit matrix. Our 
strategy is to find a proper choice of parameters A, ^u, {ai,&i}iILo such that they will 
give us the highest weight representations of Uqgl{2). Substituting these expressions to 
(0), we get 

aibi = [i\q\ — , z = 1,2,... ,m- 1, (34) 
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here bi does not have any prior relation to Oj. Equation (U) naturally comes from the 
commutation relation (^) of Uqgl{2). Let t'^ = g"^, (34) can now be rewritten as: 



[i\„[^i -T + m-i] 



9' 



1, 2, . . . , m — 1. 



For i = m — 1, comparing with another expression (also obtained from (^)): 

flm-^l^n-l = -[M - T + 1 - m]g, 



and using the identities: 



we find 



[y?q = - y]q[x + y]q, 



\qVy\q 



2 

[ 2 ^1 



0. 



(35) 



This result thus gives us two kinds of the highest weight representation: 

• Type a. If = 1 or q'^f^t~^^ = 1, then q can be any complex number. 

• Type b. If /x, r or g^^t^^^ are arbitrary complex numbers, then we must have the 
restriction [m]q = or g^™= 1. In other words, q must be restricted to roots of unity. 

Now let's consider two simple examples. First the m = 2 case: 



7r(X+) 



Ai + 1 


( Q a" 



7r(J) = A 



1 

1 



ab 



^^^~)=[ 




b 



q-q ^ 

The 4x4 matrix solutions R of YBE can be obtained via the representation R 
(vr (g) 7^)7^: 



(36) 
(37) 



[ q-^{q-n^) 



V 







,A 





u- 

{q~^ - q)ab 

q-^{q^'t-^) j 

If, ,2 



(38) 



Let q^t ^ = q ^s, u'^ = j and drop the factor q ^H^'^, we have 



R 



/ 













\ 







7 















s^^ — s 









V 











q^'^s 


J 



(39) 



According to previous discussion, this R matrix in fact represents two solutions, 
which are 



R, 



(1) 



/ 













\ 







7 















s^^ — s 


7-^ 







V 
















R 



(2) 
















7 











— s 


7-^ 





V 








I 



(40) 
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When q is generic, we must have q = 1 which gives us solution . On the other 
hand, if s is arbitrary, we have = 1 which impHes = — 1 ( = 1 is ruled out since 
that will cause ah —>■ oo)and gives us solution R(2)- Next, we consider the m = 3 case. 





/ /x + 2 








\ 






/ 


1 


\ 









/i 







, 7r(J) = 


A 







1 






\ 










^) 






\ 





1 


/ 






( 


ai 


\ 






f 





0) 




7r(X+) 














7r(X-) = 


6 


1 



















) 






V 


b2 


J 





(41) 



Let q = q^s ^, = 7 and remove the factor q It^^t^i^^ we get 

( Ai \ 
R=\ Bi A2 
\ C 52 A3 / 

where ^1,^2,^3, -61,-82 and C are 3x3 matrices: 



(42) 



(43) 
















q'^s ^7 













2 2 

9 7 






f 























^2^-2^-1 








q ^s^7 -"^ 











q-^s^ 



1 

q~'^s'^j 



(44) 




1) 

(1 - 5^)70261 




So 



(1 - g2)^-iai62 
(l + g-2)(l 





(45) 



C 



/O 




i)(g2 







(46) 



This result also gives us two kinds of R matrices. When (q/s)'^ = 1, we have the 
type a. solution (the standard solution), whereas in the situation (q/s)^ 7^ 1, we have 
= 1 — s- 1 + + = which gives us type b. solution (the nonstandard solution) 



9 



respectively. Notice that the factors 0162 and 0261 appearing in Bi and B2 cannot 
be uniquely determined in terms of q,^,s only, whereas their product (016202^*1) = 
(01610262) is unique. For a general integer m, after removing the factor g~2^ t^i^, and 
let 

q''t-' = iq-hr-\ n^ = 7, (47) 

we have 

m-l 2\n m-n 

R = q\{rn-lf ^-(m'-l) ^ SLl^LL^n ^ ^-2{i-l){j-l)-n{i+j) 

n=0 ^'^^<f- ' i,j=l 



where 



^(„_i)(i+,-+„)^_(,_,-)^^.^.^ • • • (a,-+,„i6,+„_i) e,+„,i ® e,-,+„, (48) 



q-q 1 



C„m— 1 l-i _ 1-m 
' ) 

and the identity 

(g2^t-2A _ ^ (^(£)2(™-l) _ 1^ [^]^ ^ (50) 

is hold. Here we define: (ajbi) ■ ■ ■ (aj+n-ibi+n-i) = 1 when n = 0. 



5 Colored solutions of Yang-Baxter equation 

In order to obtain a colored solution of YBE via representation, we have to prepare two 
representations of Uqgl{2) [^, 38]: tti = vr'^'^ and 7r2 = vr'^ acting on the former and 
later entries associated with tensor product respectively. Then the colored solution 
is given by 

i2(/x,A;/x',A') = (^1 «)v^2)7^ (51) 
Now let's calculate R{fJ., A; /i'. A'). For the former entry associated with <E>, we have 

m m 

■Ki{H) = ^(/Li + m- 2i + I) en, vri(J) = Al = A^ en, 



i=i 1=1 

m— 1 



7ri(X ) = X! ^i^j+l,' 



i=l 



and for the later entry, we have 



TT2{H) = ^(/i' + m - 2i + I) en, tt2{J) = A'l = A' ^ en. 



m—1 



7r2(X+) = ^ a'iei^i+i. 



i=l 
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Here, 



m—l 



m—n 

q~'^{i-^)U-i)-Mi+j) ^^lylyi ^^m~l^y 

(a'jbi) ■ ■ ■ (a'j+„_i6j4.„_i) ej+n,i ^ ej,j+n, 
and s , s', 7 , 7' are defined by 



and the factor 



(52) 
(53) 



/(/i, A; /i', A') = g-5A'^'t^(MA'+M'A)^i(MA'-M'A)^l{m-l)2(^^/)-i(m2-l)(7 (54) 

7 

is irrelevant and can be dropped. 

As discussed in the last section, there are two different types of solution: type a( q 
is generic ) and type b( q is a root of unity). When m = 2, let's compare our results 
with Hlavaty's solutions ||4l| ( see also ||2^): 



(I \ 

p+{X) 

{l-k)i[X)/i{ii) k/p+if^) 

V p+{X)/p+{fx) J 



R2{X,fj.) = 4>{X,^i) 



f 1 \ 

p+{X) 

W{X,fi) p-{fi) 

V -p+(A)p-(/i) ; 



where 



W{X,i,) = {l-p+{X)p'{XmX)/a^i) 



with ^(A) is an arbitrary function. 
1. For type a: 



(55) 



(56) 



(57) 



/ 1 











\ 





97 








±(1 - 


g2)(^/y)i 


q/i 







V 








7/7' 





Ra = q\lh') 



which becomes i?i when we define p~'"(A) = (77, p^ip) = qj',k = q^, i{X)/£,{fi)- 

±(7/7') i 

2. For type b: 



Rb = {ss'){^) 
7 



(58) 



/ 1 













57 











-2g(ss')^(7/7')^«'ft 


s'h' 





V 








-ss'i^/i) ) 



(59) 
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here = —1, a', b are arbitrary C numbers. Let p^{\) = 57, p'^ifi) = s'7', p^(A) = 
s/7, p~{pL) = s'/t') get the diagonal part of i?2- Furthermore, rewriting a'h = a' ah /a, 
and using the relation ab = {s — s~^)/{q — q~^)= {q/2s){l — s^) and define 

we obtain VF(A, ^) = — 2g(s,s') 2 (7/7') 2 which leads to the-non standard solution 
R2. 

Another interesting application is to compare our solution with that given in pO[ |. 
Their universal TZ matrix (4.1) is our TZ. The equivalence can be easily understood by 
the replacements: 

2N-\i^Hi, 2N-X2^H2, (61) 
a^-a{N) — >X+, a-l3{N) — > X~ . (62) 

The additional relation 

ai{N - 1) • l3i{N) = [A, + 1 - iV], (63) 



appearing in |Q is a consistency condition, just like our equations (4£) and (pOj). 
Therefore, without explicit calculation, the solutions obtained in [30| are the same as 



When comparing the solution (52) with those in |19| , p^ , |3^, one should be aware 
of the definitions and conventions between ours and theirs( in particular, some authors 
define our RP or PR as their R, P represents the permutation matrix ). Others even 
adopt different convention in the definitions of A and S. Therefore, one should first 
properly choose a correct convention of {A, 5} and definition of TZ or R. 



6 Concluding remarks 

We have studied the Hopf algebra structure and representation theory of a multiparam- 
eter version of Uqgl{2). We show that the YBE can be solved directly in the QTHA 
framework, without introducing additional tricks or doing any transformations. The 
interesting feature of highest weight representation shows that there exist two kinds of 
representations. A large class of Borel type solutions R can be obtained via the highest 
weight representation, including standard and nonstandard colored solutions. However, 



in this paper we have not yet discussed the cyclic representation 29, ^] of Uqgl{2) 
for q being a root of unity. We also have not explored what will happen to the Uqgl{2) 
algebra itself and its universal TZ matrix when g is a root of unity We leave 

these discussions to another publication. 
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